The functional integration over the auxiliary bosonic variables of cubic order related with the effective action of the Nambu -Jona-Lasinio model with 't Hooft term has recently been obtained in the form of a loop expansion. Even numbers of loops contribute to the action, while odd numbers of loops are assigned to the measure. We consider the two-loop corrections and analyse their effect on the low-lying pseudoscalar and scalar mass spectra, quark condensates and weak decay constants. The results are compared to the leading order calculations and other approaches.
Introduction
The large distance dynamics of QCD is dictated to a great extent by the spontaneous symmetry breaking of chiral symmetry [1, 2] . The NambuJona-Lasinio (NJL) model of fermionic fields [3] suggests that the dynamical mechanism for such breaking be in analogy with the Ginsburg -Landau theory of superconductivity [4] . Numerous studies [5] - [7] have been performed since that time with the respective effective mesonic action derived from four-quark interactions of the NJL type. During these years the resolution of U A (1) problem has been found and, in particular, the relevance of the U(3) L × U(3) R chiral symmetric NJL model combined with the sixquark 't Hooft flavour determinantal interaction (NJLH) [8] for low-energy phenomenology of mesons was noted [9] - [12] . The explicit breaking of the unwanted U A (1) axial symmetry by the 't Hooft determinant is motivated by the instanton approach to low-energy QCD [8] , [13] .
Originally written in terms of fermionic degrees of freedom, the NJLH model has been widely explored at mean field level with Bethe-Salpeter and Hartree-Fock techniques applied to quark-antiquark scattering in its various channels of interaction [9] , [14, 15] .
In parallel, functional integral methods have been used to obtain the Lagrangian in bosonized form [10] , [16] - [18] . The bosonization gives rise to a doubling of the mesonic auxiliary fields, of which one set has to be integrated out. This latter, in the presence of the 't Hooft interaction, involves a term of cubic order, which cannot be integrated out exactly. In [10] the leading order stationary phase approximation (SPA) was calculated. At this order the effective potentials obtained with both methods coincide [17] .
Given its success in describing a large bulk of empirical data, the question arises whether corrections to the leading order SPA result are small. By embarking in this task, a series of startling facts came across our investigations [18] :
(i) The stationary phase equations which one obtains in the NJLH model have more than one root (critical point). Only one has a regular behaviour in the limit κ → 0 of the six-quark coupling, the others are singular. The rigorous SPA treatment requires taking into account all critical points, which give rise to an unstable vacuum for the theory.
(ii) The result obtained in [10] corresponds to the regular root contribution. It is an approximation which leads to an effective potential with a well separated local minimum, which approaches smoothly the stable NJL vacuum as κ → 0. Such a local minimum is probably a good ground for phenomenological estimates, at least all known calculations made in the NJLH model are based on this approximation. It has been shown recently [19] that eight-quark interactions stabilize this vacuum state, opening the way to justify this approach theoretically.
(iii) Two expansions of the effective action have been considered: the perturbative series in κ and the loop expansion. Both of them were never studied beyond the leading order. It is tacitly assumed that next to the leading order corrections are small, although this fact has never been proven.
In this paper we quantify the two-loop order contributions to the Lagrangian derived previously by studying their impact on the mass spectrum of low-lying mesons. We show that the effect is of the order of a few percent compared to the leading order masses, improving them slightly. We think it is rather safe to conclude that the loop expansion is rapidly converging, at least for the mass spectra.
The paper is structured as follows. In the next section we collect the essential information needed to extract the linear and quadratic terms which contribute to the gap equations and mass terms respectively. In section 3 we write out the expressions for the gap equations, masses, weak decay constants and condensates. Section 4 contains the numerical results and discussion. Conclusions are presented in section 5.
The "tandem" Lagrangian
To be self-contained and define the notation we review the main ingredients of our model calculations. The underlying multi-quark Lagrangian is bosonized in a two step (tandem) process, in which a semi-bosonized functional, quadratic in the fermionic fields, and another functional, depending only on the auxiliary bosonic variables, can be dealt with separately. The integration over the quadratic fermionic degrees of freedom is formally exact and is calculated using a generalized heat kernel method. We start by presenting how these two types of functionals emerge and how we obtain and calculate the loop expansion we are after.
The stationary phase contribution
We consider the fermionic Lagrangian
which contains the NJL four-quark vertices of the scalar and pseudoscalar types
and the six-quark 't Hooft interaction [8] 
where m is the diagonal current quark matrix for quark fields with N f = 3 flavours and N c = 3 colours. In eq. We are assuming that the quark fields transform like the fundamental representations of the global U(3) L × U(3) R chiral group, i.e.,
where the parameters of the infinitesimal transformations are chosen as α = α a λ a , β = β a λ a . One now observes that
The global chiral symmetry is broken explicitly by the current quark mass term and the U(1) A axial symmetry is broken too due to the 't Hooft interaction. The functional integral in bosonized form is derived in [10] , and has the form
where
with a cubic polynomial in the fields R A in the exponent. The notation is as follows [18] : R A = (R a , Rȧ) = (s a , p a ) and Π A = (Π a , Πȧ) = (σ a , φ a ) are a very compact way to represent two sets of auxiliary bosonic variables, each containing a scalar s a (σ a ) and a pseudoscalar p a (φ a ) nonet. The indices (a,ȧ) run from 0 to 8 independently in flavour space. We also define the related quantity
The external scalar fields σ = σ a λ a have been shifted σ a → σ a + M a by the constituent quark mass M a , so that the expectation value of the shifted fields in the vacuum corresponding to dynamically broken chiral symmetry vanish. The vacuum expectation value of the "unshifted" scalar field
gives the point where the effective potential of the model V ( σ ) achieves its local minimum. The corresponding condition is known as the "gap" equation. 
Finally, the three index coefficients Φ ABC are defined as
obeying
The totally symmetric constants A abc are related to the flavour determinant, and equal to
Now the functional integral over the auxiliary variables R A in (6)
can be written in the form [18] 
Here L st is the stationary value of the Lagrangian L r (Π, ∆; R) associated with the regular critical point, around which the effective Lagrangian has been expanded. The barred fields indicate that they are shifted with respect to their stationary valuesR = R − R st . We denote by L ′′ AB the coefficient of the expansion to second order in the fields. The expansion stops exactly at the third order L ′′′ ABC = κΦ ABC /3!, whose exponent is represented here as an infinite series.
The terms with odd values of n do not contribute in (16) , because the corresponding functional integrals overR A equal to zero. The first term, n = 0, sums all tree diagrams of a perturbative series in powers of the coupling κ resulting in L st . The n = 2 term represents the first non-leading correction to the effective Lagrangian (for details we refer to [18] , where we show that this correction can be associated with a "two-loop" contribution of quantum auxiliary bosonic fields)
The stationary Lagrangian reads to cubic order in the fields [16, 17] 
The two-loop corrections, contained in the second term of (17), consist of a rather intricate dependence
on flavour traces of powers of L ′′ −1 , which is the inverse of the real and
calculated at the stationary points s a st and p a st . These are expressed in increasing powers of the external fields σ a , φ a
with h
ab... depending on ∆ a and coupling constants (see Appendix). In particular the coefficients have nonvanishing components for a = (0, 3, 8) and are
In eq. (17) λ denotes an ultra-violet cutoff associated with the stationary phase corrections to the functional integral over auxiliary bosonic fields. It is a free parameter to be fixed by phenomenology.
To handle the new contribution M, we expand L ′′ AB (R st ), which we abbreviate from now on as L ′′ , to second order in the external fields σ a , φ a ,
and its inverse
This is all one needs to extract the relevant terms to the masses arising from the two-loop correction term. Here L i , (i = 0, 1, 2), denote the matrices which are constant, linear and quadratic in the fields respectively. TheL i are constructed order by order, starting from the 0th order
i.e.L 0 = L −1 0 . The next terms are conditioned by this relation. Combining the first order Lagrangians and truncating at the linear fields
one gets the matrixL 1 , after using (26),
In a similar fashion one derives the matrixL 2 as
UsingL i in (25) and inserting in (19) , one obtains
where M 2 stands for the part of M which contains only the second order terms in the fields σ a , φ a . This expression is used in "Mathematica" [21] . Although the results, after evaluating of traces, are analytical they are very lengthy and not illuminating, and will not be presented here. However some structures are relevant for the low-energy theorems and the results will be encrypted in them, as shown in the section where we present the mass formulae.
The heat kernel contribution
It still remains to evaluate the functional integral over the quark degrees of freedom in eq. (6) . The Lagrangian L q is invariant under the chiral transformations (4) and the transformations
induced by them for the external fields. All symmetry breaking terms have been absorbed in L r . This fact is of importance, since one can use then the generalized asymptotic expansion of the quark determinant [22, 23] . This method preserves the above mentioned symmetry at any order, taking into account the effects of the flavour symmetry breaking contained in the mass matrix M. Thus the corresponding part of the effective action can be written
where D = iγ µ ∂ µ − M − σ − iγ 5 φ is the Dirac operator present in L q , eq. (7), and the b i are generalized Seeley-DeWitt coefficients [22] , of which we show the first four for the case of SU(2) I × U(1) Y flavour symmetry
In the present case the background dependent structure Y is given by
We use the definition
In eq.(32) the trace is to be taken over colour, flavour and Dirac 4-spinor indices and the regulator-dependent integrals I i are the weighted sums
with
They are regularized with the Pauli-Villars regularization scheme [24] with two subtractions and one ultra-violet cutoff Λ
We obtain, for instance, [25] 
Both of them are divergent in the limiting case Λ → ∞. Note that Λ does not need to be the same cutoff as λ of eq. (17) . In the following we restrict our study to the two nontrivial terms, b 1 and b 2 , in the asymptotic expansion of ln | det D|. In this case only I 0 and I 1 are involved, related to the quark one-loop integrals of one-and two-point functions respectively, at zero fourmomentum transfer.
Gap equations, condensates, meson spectra

Gap equations and condensates
The complete effective bosonized Lagrangian
comprises contributions from the heat kernel expansion to order b 2 , L HK , and from (17), where L c stands for the two-loop corrections. We restrict to the case SU(2)
The first two contributions remain the same as in the leading order calculations [12] . Equating the coefficient of σ i , i = (u, d, s) in eq. (40) to zero we obtain the gap equations
where c u and c s denote the corrections arising from L c . They depend on h u , h s , λ, κ. These equations must be solved self-consistently and in conjunction with the stationary phase conditions (23) . The solutions M i of (41) allow to calculate the condensates ūu and ss (see eq.(54))
where we have subracted the contribution from the trivial vacuum [9] . Although they are structurally identical to the condensates calculated at leading order, they encode the information of the correction terms c i implicitly through M i .
Meson masses
The expressions for the leading order masses, i.e. with L c put to zero, will not be repeated here. They were obtained in [12] . The correction mass terms can just be added to the leading order terms in their "raw" form, that is, as they are directly extracted from L HK , depending on I 0 , I 1 integrals. To check the low energy theorems, one can then use the new gap equations, with the correction terms c i included, to eliminate these integrals. For example for the pion, φ j (j = 1, 2, 3), one has
With "Mathematica" we are able to identify
where ω i = κh i /(16G). This connection between the pion mass correction to the gap equation correction term c u is crucial to guarantee the Goldstone limit. Indeed we obtain, after eliminating I 0 , I 1 from (43) with help of the gap equations,
where o m π is structurally identical with the leading order pion mass; g 2 = 4π
2 /(N c I 1 ) renormalizes the pion fields to the physical fields (see eq. (10)). We used also that
which is a simple consequence of the stationary phase conditions (23) .
In an analogous way we are able to get for the kaon mass
where o m 2 K has the form of the leading order kaon mass. We used again (23) 
Concerning the η, η ′ corrections, we show here only some relevant properties obtained with the help of "Mathematica" in the SU (3) 
where, for instance, (∆m 2 π ) c is the contribution to the pion mass obtained from the Lagrangian L c . Therefore the correction to the flavour (0, 8) components follow the same patterns as in the leading order case [12] , complying with the low-energy requirements: the octet member m 2 88 remains degenerate with the pion and kaon, the mixing m 2 08 vanishes and in the chiral limit the correction to the mass of the singlet m 2 00 is also non-vanishing, and will therefore contribute to the singlet-octet splitting.
For the scalars we obtain in the SU(3) limit also that the corrections to the masses behave as
Weak decay constants
We use PCAC and the Gell-Mann-Oakes-Renner (GOR) [26] relation to extract the condensates. From PCAC the weak decay constants are given as
Using this and the mass relations for m π and m K , eqs. (46) and (48), one obtains the GOR equations with some model corrections of higher order in the current quark masses and from which one identifies the condensates
Finally, by using the gap equations (41) in (53) and expressing
) with (35) we obtain the condensates as
where the O(J 2 ) terms are neglected, to conform with the truncation of the heat kernel series. We recall that the O(J 2 ) emerge from a property of the generalized heat kernel series in which differences of 
Numerical results and discussion
There are six parameters in the model, m u , m s , G, κ, Λ, λ. To see the effects of the new contribution, proportional to the cutoff λ, we compare pairwise in the sets (a,b), (c,d) and (e,f) of Tables 1-3 the results calculated with λ = 0 and λ = 0, keeping the remaining input unchanged. In this way, within each pair of sets, a running value of λ between the indicated ones, will interpolate smoothly between the calculated observables shown. In a-d we fix four parameters through the pseudoscalar sector, m π , m K , f π , f K , and adjust κ through the quark condensate ūu . In sets (e,f) five parameters are fixed through m π , m K , f π , m η ′ , and the scalar a 0 . Input is indicated through a *. Table 2 .
We also remark the interesting fact that λ cannot be arbitrarily increased, maintaining the remaining input on observables fixed. At values quite close to the ones indicated, solutions cease to exist. There is an intrinsic constraint on the size of corrections.
One might be struck by the large variation in the values of κ and their relation to the convergence of the loop expansion (16) . This can be understood by identifying the dimensionless expansion parameter of the series. Following [18] , where standard methods are used to justify the stationary phase approach to functional integrals, one obtains the dimensionless parameter
Here the group structure factor 3/16 of Φ abc in eq. (12) as well as the factor 1/3! appearing at each order in (16) have been taken into account. Note also that each term of the expansion carries a further suppression factor 1/n! In the present case n = 2 so that one get for sets (b), (d), (f) that ζ 2 /2 is 0.0096, 0.021, 0.0023 respectively. This attests for a fast convergence of the series.
For a comparison with empirical values, we take from [27] : 
The recent update of the light-quark condensate is (ūu+dd)/2 (1 GeV) = −(242 ± 15 MeV) 3 , the flavour breaking ratio is known to be ss / (ūu + dd)/2 = 0.8 ± 0.3 [28] .
Finally, as our numerical calculations do not differ significantly from the leading order values, we refer to [12] where a thorough discussion of our leading order results has been done in comparison with the ones obtained from other approaches [29] - [35] .
Conclusions
The bosonization of the model combining the NJL and the 't Hooft multiquark interactions leads to corrections associated with the stationary phase integration over auxiliary bosonic variables in the functional integral of the theory. The purpose of the present work has been to quantify NLO corrections, and to study their phenomenological effect on the mass spectrum of light pseudoscalar and scalar mesons.
To this end the first correction to the tree level effective action has been considered. We have obtained the linear and quadratic terms (in the external mesonic fields) of the NLO Lagrangian. The group structure of the SU(2) × U(1) flavour symmetry considered leads to quite intricate expressions for the mass corrections. We have shown in a transparent way that they comply with the QCD low energy theorems. We have calculated the mass spectra of the low lying pseudoscalars and scalars, quark condensates and weak decay constants f π , f K . The corrections are small and improve slightly the leading order results.
We conclude from these calculations that the series considered is well convergent. It is an important conclusion, because it justifies the leading order estimates made before, on one hand, and reports on the selfconsistency of the stationary phase approach applied to the bosonization of effective multi-quark interactions, on the other hand.
At the same time one may still expect some noticeable effects of the NLO terms which can show themselves in three and higher order mesonic amplitudes, especially in the cases where there is a strong cancellation between the tree level contributions.
The equations and algebra leading to the coefficients h (i) ab... of the series for s a and p a can be found in [17] . The explicit expressions for the case of one and two lower indices are also given there. In this appendix we collect explicit expressions for the coefficients h (1) abc and h (2) abc entering in the expansion of s a and needed for the evaluation of meson mass terms. Due to the trace structure of (30) and sinceL 0 contributes only in the blockdiagonal, with nonvanishing entries in the diagonal and elements of 0, 8 mixing , only the elements of the diagonal and (0, 8) mixing of L 2 will contribute to the mass terms. For those we need:
for a ∈ 1, 2, 3.
for a ∈ 4, 5, 6, 7. 
